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1. Introduction

The work performed af Purdue University, on contract NAS 8-11485
during the three month period ending on July 30, 1966, was directed to the
statistics of band models. The purpose of this phase of the contract is
to clarify the statistical beasis of the current models, in order to be
able to extend their validity to a broader range of temperatures and
pressures. This work is in a very early stage; this report is essentially
a review of the available material, mostly that of Plass.
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2. Fundanmentsl Statistical Basis for Modeling in Uniform Gases

Inspection of n diagram of line intensities versus frequency plainly
suggestes that the main feature of the dlagram is the ncarly random distri-
bution of line intensities and positions. Although it is known that these
are connected by quantum-mechanicel formulas, it suggests that in practice
it may be sufficient to consider a random model,

The statisticel model of a band assumes that the position and intensity
of a given spectral line cen be specified only by probability functions.

In the derivation of statistical band models the assumptions that the
positions of the gpectral lines occur at randam within a given frequency
interval and that there i3 no correlation between the positions of the
various lines have been made. The spectral line positions are represented
by independent random variables and the intensity is also represented by a
probability distribution which is independent of the line position.

The starting point in the development of random band models is Beer's

exponential law for spectral transaittance.

T, = ep(-X 1) = esp(-5b) 1) @

1

where xv is the linear absorption coefficient in cm = and L 4s the path

length of the absorbing gas in cm. kv can also be written in tewmms of §

the line intensity, and b(v) the line shape.



let N (vl,.... vn) @,,.... &~ be the Joint probability density
function for line position. It is the probability that the center of the
first line is in frequency interval dvl vhen the center of the second
is in frequency interval 6»2 etc. up to line n. The origin for fre- -
quency is taken to be at the center of a frequency interval of length D.
Furthemmore the joint probability that the lines will also simultancously
1 %,
This is the probability that the first line has intensity in the interval

ce . Lo s oo S 2oa siw b o s . ... _th
G.bl wnen The seconua 18 1in inuensity interval Qba €eTLcC. Up TO e n

heve an intensity in interval dS is P (Sl""' sn) dS; .... @S, .

intensity.

Now the transmittance at frequency v 1s equal to the probebllity that
there 1s a line at v times the probability that the line has an intensity
times the expression on the right-hand side of Beer's Law. COnsem:ly
the average transmittance over the frequency interval D 1is the integral of

the tranamittance over D, which is written as

- p/2 D/2 ® o
T = J..n,la [nlz Nvy..v) [ fo... j‘o P(S;...5,) exp(-5,b(v)L...=8 b(v)L)

dsl...dsn ] dvl...dvn (2)

where it is understood that the probability distributions are normalized
over their respective intervals. Bq. (2) £s the general expression for
transmittance from a band of width D.



If one assumes that the spectral intensities are independent and

identically distributed, one has

P(8, .8, ) d5,...d5, —> P(8 y).-.P(8) d8,...85 = : P(s,) ds, (3)
i=)

Now the average transmittance becomes

- D/2 D/ a n -’
T = .__1;,-/2." ‘EB/ N(vl...\v ) { I ces O 3:1 (P(S ) exp(-s b(v)L) ds ) 1 el
(k)

If one now makes the very {mportant and fundamental assumption that any one
arrangement of the line positidns is equally probasbly to any other arrange-
ment the joint probability distributionm, N(vl...v n) beccmes a constant

and the average transmittance in the frequency intervel D can be written

as

__ 1 D/2 - n -
= ';.7’.]' -J {f o B(S,) exp(-8,b(v)L) @S, f dvyeee v,

n/a -D/2 0 im)

| (5)
The constant C 12 &ue to normalization of the previous joint probability
density function. It is usually assumed that each spectral line is dis-
tributed independently with a uniform probebility distribution in the
frequency interval D. Then the constant C is equal to D, the fre-
quency interval length. In susmary, one has now assumed that it iz equally

probable that each line has its center at a glven frequency in the frequency
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interval D regardless of the position of the other lines and that the
intensities are independent of each other and the line positions. It is
easlily scen that integral over each line is equal to the integral over
every other line, 1f each has the same line shape, b{v), so

- q D2 e n

T = {n ‘In/a [ J‘o P(S) exp(-8 b(v)n) as] dv } (6)

This may be rewritten as

T {1 p-d ZE P(s) [1 { ‘s b{v) L) ] as .}n (9]
- ‘[n/a [j'o - exp(- v) L ] dv } 7

Now one notes that if the order of integration is changed the average
transmittance, "f, will envolve the cquivalent width of a single line

WSI.,D’ in the frequency interval D.

T s = R (-6 B(v)L) ] 3) (8)
= - 1-ep(-sbM)L)] & ] @

T { 1-D Io P(8) [ ‘[D/2 exp v ] }

vhere

p/2
Voo " fp, [T Rl e ] @ (9

Consequently one can write



® n
T = {1 - % j‘o R(8) g (3, @) ds} {10)

vhere « 1s the line half-width. Since D= n d, vhere d is the
average interval between each spectral line and the average absorption

A=1-T one can write

n

If one lets the number of lines in the band, n, approach infinity
vhile the average spacing, d, 1is kept constant the frequency interval
becomes infinite. By expanding the expression one notices that in the limit

as n approaches infinity the average absorptance becomes exponential

B = 1-exp [-al-{j: B(s) Wg ds}] (12)

where W, 1s the equivalent width of & single line for an infinite
frequency interval.

The general expression for absorption from a finite number and an
infinite number of randcmly spaced spectral lines 1s glven respectively by
BEqs. (11) and (12). These equations show that the absorption of a .band
including all effects of overlapping of the spectral lines can be obtained
from two quantities, the equivalent width of a single line in the appro-
priate frequency interval and the probability distribution of the intensities.
This occurs because of the assumption that the line pogitions are indepen-

dent of v. (See Eq. 5)



For a Lorentz line shape and an infinite freguency interval the equiva-

lent width, "sn is
Mg, * 2wexe [ Ey(x) +Iy(x) ] (138)
where |
x = SL/2na . (13v)

and IG( x) and Il(i) are Dessel i‘unc"cions of imaginary argument.
Eqn. (13) is called the Landenberg-Reiche formula.

A statistical band @del often used is f;he fandom Elsasser mcdel. The
Elsasser band 1é a'ssunéd to consist of an ihﬂnité number of spectral lines,
each with the same intensity, S, and half width ¢, and all the lines
are equally spaced by 4d units from their neighbors. An exact expression
for sbsorption summed o#ér the band was _i‘ifst found by Elsasser. The |
fractional absorption, A, integrated over the frequency renge 4 for an

Elsasser band is

pm 1k [ (8 xstmp/(comp - cosz)] g (14a)
"o
vhere
B = 2uqfd (14b)

and x is defined by Eqn. {13b).



At small values of x the absorption is entirely determined by the
total strength of all the absorbing lines and the Rlsasser and statistical
models agree. As x 1increases the results celculated from the two models
begin to diverge; the Elsasser theory alvays gives more absorption (less
transmission). The reason for this is that there is always more overlapping
of the spectral lines in the statistical model then with the regular
arrangement of lines in the Elsasser model; thus for a given pressure and
Path length the total line strength is more efficiently used in the Elsasser
model.

An actual band bas its lines arranged neither completely at random
nor completely regularly. The actual pattern is formed by the superposition
of nmany systems of lines. Hence the absorption can be represented very
accuraﬁlr by the random Elsssser mode). The randcm Elsasser is a generaliza-
tion of the Elsasser and statiztical models in that it assumes that the
absorption can be repreaented by the random superposition of Elsasser bands.
Bach individual Elsasser band may have different line spacings, half-widths
and intensities. As the number of superposed Elsasser bands becones large
the absorption approaches that of the usual statistical model.

Let Ai be the separation of the spéctral lines in the 1th Elsasser
band, and X +the total mmber of superposed Elsasser bands. Then the
average spacing, §, between the spectral lines is

-1
- [4]



The equivalent width, WE " of the ith Elsasser band is
b}

Ve (x5 By ) = by A, (x8y ) (26)

where 8
By

spacing, half wldth and iniensity are in general different for each

2n ai/A:l and AE,i is given by Eqn. (1ka). Tae line
Elsasser band.

By the same argument as was used to derive Egn. (5) the absorption

from & random superposition of Elsasser dands is

L N -1A1/2 A“/2 ® anr(s) - 5 b () 1)
A = - ewe s e -
, [12161} J:A1/2 j-:An/ie [Io Io a0 T o2 8y b by

asi] dyy ... Gy (17)

Interchenging the order of integration snd noting the definition of the

equivalent width wE,i (xi, BA,_) cne has

A er "alfx)
A = 1-121[ 0[1- - %L R CH asi} (28)

This 1s the general result for the absorption from a randam suvpersecsition
of N Elsasser bands, each of which isay bave different line spacings,

helf widths and intensities.
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When N =1 the sbsorption given by Ean. {18) is just that given by
the Elsasser model. As N increases and the average line spacing 8§ is
held constant the absorption given by Eqn. (18) approaches that given by
the random band mcdel. In order to ezssily show this it is assumed thet

8; @d a, are the same for each Elsasser band. Then Egn. (18) becomes
1 K
A= 1-[1--ﬁ-gj‘owng(s)ds] (19)

where

-4 3

A = N5

As N approaches infinity for fixed 6, A also approaches infinity
end B, (27 o/a), approaches zeroc. But for any finite value of
X, (SL/Z wa), as B approaches zerc, there is no longer any effect of
overlapping in a single Elsasser band as the spectral lines in the single
band bécone separagted by large frequency intervals, A. Thus in the limit
Egn. 19) and Eqn. (11) are identical, and the absorption is givea by
Ean. (12) which is the expanded version of Ean. (11). Thus it is seen that
the rgndom Elsasser bend model provides a smooth transition betwesn the
absorption curves for the limiting cases of the Elsasser and Statistical
models. The usual statistical model can, hence, be considered tc be the
superposition of a large mmsber of Elsacser bands.
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%.  Work Flemned for the Next Quarterly Peried

The work described herein on the evaluation of statisticsl radistion
bend models will be continued. In additicn, work on chemical effects in
the base flow region will be resumed. fperifically, an sttewpt will be
made 40 evolve a simpiiﬁeﬁ regction modél for the complex reaction systém
assceliated with plume éﬁ:erburniag. fise, the mechaniams of carien

11 be revicwed o try to explain the magnitudes of solid carbon
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M

particles found in gas generstor and msin engine oxhausts.



